Damage detection and prediction is essential for structural health monitoring. Vibration based methods have been used in health monitoring. In this work damage is proposed to be a nonlinear dynamical phenomenon and can be analyzed by utilizing the bifurcation theory. A methodology for predicting failure is proposed which utilizes the concepts of distance to stability boundary as estimated by bifurcation analysis. The proposed methodology is illustrated by developing bifurcation boundary for a two degree of freedom nonlinear mass-spring-damper system. Two damage models are investigated to illustrate the utility the proposed methodology in capturing and estimating the evolution of damage phenomenon.
INTRODUCTION
The structural health monitoring and non-destructive evaluation techniques have been a focus of study for the past two decades. Various researchers have developed tools, methods and techniques to detect, quantify and eventually predict damage phenomenon. Several applications of structural health monitoring techniques ranging from civil to transportation infrastructure have been demonstrated. Numerous applications of these structural health monitoring techniques require some type of vibration-based data acquisition and analysis. A detailed overview of existing techniques is presented in the review presented in the Los Alamos National Laboratory Report LA-13070-MS [5] .
The range of techniques researched and developed to evaluate the health of structures and systems is highly multidisciplinary. The breadth of issues addressed includes mechanics, materials, statistics, vibrations, sensors, visualization, and modeling. The advances in condition-based health monitoring are towards development of quantitative and noninvasive techniques to replace time-based maintenance and manual inspections. Moreover, manual inspections are error prone and can even sometimes introduce damage to reduce the remaining useful life of the structure.
There are several challenges to be tackled in the area of health monitoring and non destructive evaluation. One such challenge is in the development of integrated quantitative and qualitative methodology for damage detection, evaluation, and prognosis. Moreover, damage prediction and health prognosis has been identified as a primary challenge to be resolved for development of the smart health monitoring.
Several researchers have investigated approaches to damage detection and prediction. Two approaches are of most interest to this paper. The first is the development of a preliminary nonlinear dynamical systems approach for damage detection as presented by Adams and Nataraju [1] . In this work a framework for damage related dynamics and features are developed to exploit them for extraction of features for damage detection and a mechanism for quantification of the damage states. This work introduces the notion of damage states and their respective manifolds to use model reduction to identify damage characteristics in the experimentally observed input-output data. Second work of interest is by Chelide, Cusumano and Chatterjee [2, 3] which presents a dynamical systems approach to damage evolution. Any structural health monitoring involves damage detection, damage localization, condition assessment and prognostics. Current damage detection and localization methods are either visual or localized experimental methods such as acoustic or ultra-sonic methods, magnetic field methods, eddy current methods or thermal field methods. All these methods require a-priori knowledge of the vicinity of the damage. Damage as determined by changes in the dynamic properties or response of the structure. Ideally, a health monitoring scheme should be able to detect the damage at a very early stage, determine its location precisely limited to the sensor resolution, quantify the extent of damage and finally, predict the remaining useful life [6] .
Existing damage detection and prediction methodologies can also be classified into two groups: model based and non model based methods. All of these methods work well when the damage dynamics as well as system dynamics is known in advance. Some techniques which have been explored include time and frequency domain approaches. A detailed overview of these methods is presented in [5] . Prognostics is not a new discipline and yet many of the concepts surrounding it are still heavily discussed. A working definition of prognostics as the capability to provide early detection of the precursor of fault or damage of a component or system and to have the technology to manage and predict the progression of the damage to component failure was provided by [6] . This paper proposes a deterministic model-based smart damage prognosis methodology which exploits the nonlinearities in the system or component to estimate and track the existing damage and its progression. The underlying assumption in this work is that the damage propagation is a nonlinear dynamical phenomenon. The organization of the paper is as follows: Section 2 discusses the damage models as a nonlinear phenomenon; Section 3 presents the methods of bifurcation theory and the concept of distance to stability boundary as applied to damage prognosis; Section 4 presents the proposed methodology; and an illustrative numerical example is presented in Section 5 which is followed by some conclusions and suggestions for future work in Section 6.
DAMAGE: A NONLINEAR PHENOMENON
Damage is an inherently nonlinear and complex phenomenon which is very hard to model and/or extract from the experimental data. In this work low order models of damage dynamics are used to illustrate the proposed methodology. For extracting these damage models from the experimental data several techniques of nonlinear system identification can be exploited [5] . This work does not focus on modeling and system identification methods; on the other hand it assumes that the models which capture all the essential dynamics of the system states including damage states exist or can be developed.
The dynamics associated with damage is of a nonlinear nature. The damage propagation is dependent on various parameters including initial damage states and loading history among other operating environmental variables. In this work deterministic models are assumed to govern the initiation and propagation of damage. Any modeling and/or environmental uncertainties as well as noise are neglected.
Damage models
The deterministic damage models that are used in this work highlight the nonlinear nature of the damage dynamics as well as illustrate the proposed methodology for smart damage prognosis. The models studied are phenomenological in nature. Specifically, they represent the normal forms of bifurcation phenomenon exhibited by the nonlinear systems. Similar models were presented in [1] . Bifurcation is a phenomenon exhibited by nonlinear systems related to the change in the number or stability of the equilibrium points and represents a qualitative change in the system dynamics for a small change in the system parameters.
Two damage models are discussed in this work. The first is a first-order single-degree-of-freedom damage model which represents sudden damage events with arresting plasticity. This has been studied by various researchers including Orringer [12] and can represent the dynamics of crack propagation in joined sheet metal structures. This model can be represented by Equation 1 where d is the damage state and d γ ). It also represents a normal form for asymmetric pitchfork bifurcation [13] . Saddle node bifurcation occurs all along the boundary on the parameter space which divides the region into the one with one fixed point and the other having three fixed points (Figure 1 ). At the cusp point 1 2 ( , 0,0) γ γ = a co-dimension two bifurcation is exhibited. When 1 0 γ = this model exhibits a symmetric pitch fork bifurcation but for 1 0 γ ≠ the pitchfork is asymmetric with two pieces; upper piece consists entirely of stable fixed points where as lower piece has both stable and unstable braches. Second damage model (Equation 2) used in this work represent the phenomenon of Hopf bifurcation [13] . This represents a damage (fault) which results in an oscillatory response with increasing magnitude of oscillations as the associated parameter µ is varied.
For this model (Equation 2) as the parameter µ increases through zero, the fixed point (origin) changes from a stable spiral to an unstable spiral and a sub critical Hopf bifurcation takes place at 0 µ = . This model and its bifurcations are presented in various texts including [7, 8, 11, 13, 14] . These oscillations are present in systems ranging from electromechanical actuation and positioning systems to biological and chemical systems. It should be noted that the size of limit cycle oscillations grows continuously from zero as the parameter µ is varied beyond the bifurcation point ( Figure 2 ).
DAMAGE DETECTION AND PROGNOSIS: DISTANCE TO BIFURCATION
For analysis, most physical systems can be represented as lumped parameter approximation by deterministic nonlinear models using ordinary differential equations in a state vector format. A general damaged nonlinear dynamic system in state vector format is given in Equation 3. 
R
are the system parameters and inputs respectively. A similar model was proposed in [1] . This model assumes that the system states are coupled with the damage states. The primary interest is to track and explore the initiation and growth of damage states to evaluate and predict the nature and extent of damage. The output (y) of the system dynamics (Equation 4) is considered independent of the damage states and thus ensuring that diagnosis is an inverse problem. 
where o x and o d represent the equilibrium state vector for a given parameter vector o p . The first order linearization of this system (Equation 3) about the equilibrium point ( o x and o d ) can be used to study the stability of this system by analyzing the associated Jacobian matrix as given in Equation 6 .
The nonlinear system (Equation 3) can be extended into a system as given in Equation 7 and then the center manifold theorem can be applied. The details of center manifold theorem are illustrated in various texts on bifurcation theory including [7, 8, 11, 13, 14, 15] . The center manifold is tangent to the parameter plane as well as the eigenspace [14] .
All essential events near the bifurcation parameter value occur on the invariant manifold and are captured by the projection of the system on the center manifold. Essential dynamics include any and all qualitative changes associated around the equilibrium point. Standard bifurcation theory deals with the study of the stability of systems that move from one equilibrium condition to another equilibrium condition as the parameters slowly change. In a multi-parameter system, there is a bifurcation curve/plane in the parameter space along which the system has an equilibrium point exhibiting the same bifurcation [14] . A smooth scalar function ( , (9) and for the Hopf bifurcation is (Equation 10):
where Θ denotes the bi-alternate product [7, 11] of two matrices. If more than one parameter is varied simultaneously to track a bifurcation curve Γ , then the following events might occur to the monitored nonhyperbolic equilibrium at some parameter values: extra eigenvalues can approach the imaginary axis and thus change the dimension of the center manifold or some of the non-degeneracy conditions for the co-dimension one bifurcation can be violated. This bifurcation analysis can be used to characterize the parametric space of nonlinear systems for stability behavior. A boundary can be developed which separates the stable and unstable regions of the parametric space as dictated by the bifurcation analysis. This boundary in the parametric space is the stability boundary.
This notion of stability boundary can be utilized to compute the distance to closest-bifurcation in the p-dimensional parameter space as originally outlined by Dobson [4] . It is proposed in this work that this distance to closest bifurcation is an effective metric to track damage evolution and predict time to failure in the framework of bifurcation theory. The closest-bifurcation method [4] estimates how much the system parameters can be changed from their nominal value (a vector of size p) without causing a change in the stability of the equilibrium point. The parameter vector, starting at a nominal point, can be varied in infinitely many directions; however in this closestbifurcation method this variation is constrained along a direction in the parameter space. This direction can be defined by
starting at p nom , where δ is the scalar step size along the i dir as specified by a set of unit direction vector of size p. Each direction in parameter space generates a set of systems with their corresponding Jacobians. Each of these systems is analyzed for bifurcation stability. For each direction in parameter space, starting at a stable nominal the first point which exhibits the loss of stability via bifurcations is the bifurcation value of the parameter set in that direction and is denoted by p bif . The difference between the p nom and p bif is a measure of robustness and stability of the system to the changes in system parameters. This difference is the distance to bifurcation ( ( ) i i bif nom dir dir ∆ = − p p along that direction in parameter space. For each direction in parameter space, starting from the nominal system, an estimate of distance to bifurcation can be developed. These changes in parameters are sometimes due to the onset and/or propagation of damage. So if the nominal parameter vector, p nom , represents the current system and p bif represents the system parameter at which the system looses stability and hence has no useful life. The distance to bifurcation is thus a measure of useful remaining life as depicted in the parameter space and provides an effective tool for capturing and quantifying the extent of damage in the system. The closestbifurcation method gives an estimate of the global minimum distance to bifurcation in any direction in the parameter space.
Closest distance to bifurcation method first determines a single distance to bifurcation along a specified (initial) search direction starting from a nominal parameter (Figure 3 ). Then using an iterative distance minimization procedure a search for minimum distance to bifurcation can be determined. This minimum distance to bifurcation is perpendicular to a tangent plane of the bifurcation surface. The iterative procedure updates the search direction to be perpendicular to the bifurcation boundary (surface) whenever the parameter vector crosses the bifurcation boundary. The search is started at the nominal point along this updated direction. The search direction converges to the perpendicular direction at the bifurcation boundary, and then the point on the bifurcation boundary has the minimum distance to bifurcation from that nominal point. A damage prediction methodology is presented in the Section 4, which utilizes the notion of bifurcation stability boundary and the closest distance to bifurcation as a metric of useful remaining life. This parameter space investigation also suggests a measure of when and how this failure due to a possible damage might happen. 
SMART DAMAGE PREDICTION: A METHODOLOGY
It is envisioned that the damage progression in essence can be represented by a change in parameters along a specific direction in the parameter space. Any nonlinear system can have a large set of associated parameters and states. Investigating the full parameter space can be a daunting task even for an efficient method such as bifurcation analysis. Thus is it helpful if some insight about the influence of parameters on the system dynamics is known in advance either by numerical simulation and/or experimental testing. In light of these insights it may be possible to reduce the dimensionality of the parameter space to include the parameters which are most influential in the damage propagation. Several methodologies for reduction of parameter space are known and as an example interested reader may consult [10] .
In this damage prediction methodology, starting with a first-order deterministic model (Equation 3) which includes system states as well as damage states the associated parameter space is identified. Then a nominal asymptotically stable system and the related parameter vector are identified and located on the parameter space. This represents the nominal system which also includes damage states. Starting at this nominal system and based on any a-priori knowledge an initial 1-parameter investigation using bifurcation analysis is conducted to capture the nature of possible damage via loss of bifurcation stability. Using the insight gained in this initial investigation a series of 2-parameter investigations is conducted to evaluate the distance to bifurcation boundary. These 1-and 2-parameter investigation help build a knowledge base for the system and hence leads to accurate damage prediction. A reduced parameter space can be identified based on this knowledge base, if needed. A detailed bifurcation stability analysis in the parameter space is conducted to compute the bifurcation boundary (and/or surface) which classifies the parameter space into stable and unstable regions. These bifurcation boundary and their projections can be calculated on a set of 2-dimensional parameter space for ease in graphical representation. Next, starting at the nominal point using the estimated bifurcation boundary a distance to bifurcation along several key directions in parameter space are generated. This data gives insight into the various directions in the parameter space and their associated effects on the remaining useful life of the system. This information can be utilized later to track the damage propagation and update the bifurcation boundary suitably. Using the iterative optimization scheme as outlined by Dobson [4] and discussed in Section 3, closest distance to bifurcation is estimated for the nominal system. This distance gives a direct metric to the remaining useful life and hence assists in damage prognosis. This methodology can be applied iteratively to update the estimate of the distance to closest bifurcation as the nominal point changes. Further, if the knowledge about the system parameter (s), which is most likely to vary, is available then this approach can be used to predict the distance to bifurcation along that specific direction (as dictated by the changing the parameter (s) vector). The proposed methodology is summarized in Figure 4 . 
AN ILLUSTRATIVE EXAMPLE
To illustrate the proposed methodology a two degree-of-freedom mass-spring-damper system as shown in Figure 5 is studied. The stability boundary is also calculated in the parameter space ( Figure 7 ). The closest distance to bifurcation is 1 and is along the direction d1. This demonstrates that the system will fail when the parameter vary along the closest bifurcation direction and become equal to the bifurcation value. The greater the closest distance to bifurcation the better is the remaining useful life of the system. Similarly for the second damage model, the parameter space of interest is one dimensional (µ). The bifurcation boundary reduces to a point in this case. The effect of varying (µ) on the bifurcation stability of the system is given in Figure 8 . The bifurcation boundary reduces to a point for a one dimensional parameter space and also the possible direction in parameter space is restricted to the one changing parameter (µ). This bifurcation boundary (bifurcation point) in the two dimensional parameter space of mass (m1) and damage parameter µ is shown in Figure 9 along with the nominal system parameter. The closest distance to bifurcation is along the direction of the parameter and is 1 for this case. This study suggests that the system will fail as µ =0 by exhibiting increasing amplitudes of limit cycle oscillations and would result in no useful remaining life at that stage. This closest distance to bifurcation is not a computation in time domain but instead is a measure of the distance in parameter domain (space). An equivalent time estimate can be developed if desired based on continuous tracking. However, since the damage is a nonlinear dynamical phenomenon any mapping between the time space to parameter space and vice-versa would be inherently nonlinear. Thus, closest distance to bifurcation is an appropriate measure for remaining useful life under the framework of this methodology. Further, it should be noted that a continuous tracking and model update may be necessary for various systems to compute closest distance to bifurcation and evaluate remaining useful life.
CONCLUSIONS
A methodology for damage detection and prediction is presented. An illustrative example is provided using two damage models. The concept of closest distance to bifurcation is proposed to be a measure of useful remaining life. The proposed methodology needs to be tested for large scale system. Other damage models can be similarly evaluated. This provides a starting point for further refining this methodology to predict failure. Further work remains to successfully apply the proposed method to real life systems which could include possible constraints as appropriate.
